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Using some model-theoretic arguments applied to the theory of real valuations, we obtain a 
sufficient condition based on elementary properties off(x), f(x) EK[x,. .x,1, K any real closed 
field, for f to be sum of 2mth powers of rational functions in K(x). 
0. Introduction 
The property of being sum of 2m th powers of rational functions is not an elemen- 
tary property as was proved by Prestel [5, Theorem 21. Hence, it seems a reasonable 
question to ask whether, once we have fixed a number n of indeterminates and a 
degree, we are able to decompose the space of coefficients of polynomials in II in- 
determinates (belonging to an arbitrary real closed field), into semialgebraic sets, 
i.e. sets described by elementary properties, such that any polynomial with coeffi- 
cients in one of those sets is a sum of 2m th powers of rational functions, and there 
is a bound (of the degree and the number of polynomials) of the actual representa- 
tion as sum of 2mth powers. This decomposition, necessarily infinite, into sets, 
which we shall denote as ‘stable sets’ is completely studied, for one variable, in [4] 
where we give the essential parameters on which the decomposition depends. The 
principal technical result in order to establish such a decomposition must be, in con- 
sequence, a sufficient condition to be sum of 2m th powers based on elementary geo- 
metric properties of the polynomials. For this reason, the following criterion [l] is 
not adequate: 
Theorem 0.1. Let K be a formally real field. For any a E K, a is a sum of 2mth 
powers of elements of K if and only if a is a sum of squares of elements of K and 
2m divides v(a) for all valuations v of K with formally real residue field Ku. 
* This paper is part of the author’s dissertation directed by A. Prestel (U. Konstanz, FRG) and was 
partly supported by C.A.Y.C.Y.T. 2280/83. 
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The archimedean case, i.e. f(x,, . . . ,x,,) EK[x,, . . . ,x,] with K an archimedean 
real closed field, has already been studied [2] and the sufficient condition we next 
give for the non-archimedean case is a generalization of the one which appears in 
the above-mentioned paper. 
Before giving the proofs we would like to point out that a real closed field is not 
archimedean when it admits a nontrivial convex valuation. Due to a result of Ax- 
Kocxhen-Ersov [6] or Cherlin-Dickmann, two real closed fields with nontrivial con- 
vex valuations are elementary equivalent, hence this allows us to work with the 
Puiseux series over R. 
1. 
We must first introduce the following definitions: 
Definition 1.1. Given f~ K[xl, . . . , x,,], K any real closed field and f = C y u,xr’ . . . x:, 
a,#O, we define the convex hufl off as the convex hull in R” determined by the 
exponents of the terms of f, i.e. by the points (v,, . . . , v,) E N”. We denote it by 
CH(f), CH(f)={zER”Iz=~tl,vi, Vi=(V,iyae.,Vn;)y CA;=l, l;>O, Vi}. 
In order to work with these convex sets we introduce one further concept: the sup- 
porting polynomials. 
Definition 1.2. Let C be a convex set in an affine space. We say XE C is an extreme 
point of C if there are no two distinct points zl, z2 E C such that x= Azi + (1 - i)z2 
for some A, O<A<l. 
Definition 1.3. We say a hyperplane I7 is a supporting polynomial of a convex set 
C if it contains a point of the border of C and C is contained in one of the closed 
halfspaces determined by it. 
Definition 1.4. Given a certain polynomial f E K [x1, .. . ,x,,], K any real closed field, 
we say g is a supporting polynomial off, if there is a supporting hyperplane I7 of 
CH(f) such that g is formed by the terms of f corresponding to the points of 
CH(f)tln. 
There are only a finite number of supporting polynomials, although the number 
of supporting hyperplanes is infinite. 
Example 1.5. Let f E R[x, y] be f(x) =x8 + y8 + 3x4y4 + 5x4y2 + 3xy + 1. The convex 
hull off is shown in Fig. 1. 
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Fig. 1. Convex hull off. 
The supporting polynomials are: x8, y8, 1, x8+ 1, y*+ 1, x8+y8+3x4y4. 
In what follows we shall be working with real valuations of F= K(x), u : K(x) --t I 
(I is an ordered abelian group) with archimedean, formally real residue field F,. 
The valuation ring of u is denoted by A, and the restriction to K, by u/K. 
Before stating the theorem, which is the main result we prove, we must introduce 
two more definitions: 
Definition 1.6. We say a polynomial f~ K[x,, . . . ,x,1, K any real closed field, 
verifies (*) if f(ai,...,a,)=O, (Q~,...,u,)EK” implies a,=OV-..Va,=O. 
Definition 1.7. Let u be a real valuation of K(x). Given any polynomial f E 
&,]Xl, .-*9 x,] (A,,K=A,nK), f=CVa,x,t...x,“, we define the residue pofy- 
nomiaf off with respect to u as fvjK(x,, . . . ,x,,) = C, iiVxY’ . . . x: where d, is the 
image of a, in the residue field K,. 
Theorem 1.8. Let f(x) E K [x1, ., . , x,, ] with K any real closed field. If 
(a) f(x) is positive semidefinite (p.s.d.), 
(b) 2m divides the degree of f(x), 
(c) 2m divides the extreme points (everyone of the coordinates) of CH(f), 
and for every real valuation u of K(x), 
(d) u/K(c) = 0 for every coefficient c # 0 off, 
(e) every supporting polynomial g off(x) and f (x) itself verify that their residue 
polynomials w.r. t. u, gUjK(x), fUIK(x) satisfy (*), 
then f(x) E C K(x)~“. 
In order to prove the theorem, we must first prove a lemma. 
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Definition 1.9. Let o be a real valuation of K(x). We say that a polynomial f~ 
K[Xl, a*. , x,] is homogeneous with respect to a real valuation v of K(x), if every 
monomial off has the same value, which will be called the homogeneous value off. 
Lemma 1.10. Let v be a real valuation of K(x) and f~K[x,, . . . ,x,1. If for every 
coefficient c, # 0 off, v/K(c,) = 0, then either there exists a supporting polynomial 
off homogeneous with respect o v and of homogeneous value, minimal in f, or j 
itself is homogeneous with respect to v. 
Proof. Since v(c,) = 0 for every coefficient c, # 0 of f(x) = C y c,xL’ . . . x:, 
v(c,x;I . . . x;> = v(xL’ . ..x~)=v.v(X1)+***+V,v(X,)E~x...Xl= 
where i; is the divisible hull of I-, i.e. P= {x 1 3n E B, FIYET, nx=y}. 
Let g(x) be a supporting polynomial off(x) or f(x) itself, and let (v:, . . . , VA), . . . , 
<v: . . . . v,“) be the extreme points of CH(g) and (vS+‘, . . . ,vi+‘), . . . ,(v:, . . . . VA) the 
extreme points of CH(f) which are not extreme points of CH(g). 
For every g(x) we may write the formula of first-order language of ordered groups, 
G&q, . . . , a,) = (v:al + 
2 . ..+v~a.=v:al+...+v,a,=... 
=vsa,+...+v,Sa,Av:a,+...+v,‘al 
<v~+‘a,+~~~+v,S+‘a,A~~~Av~a,+~~~+v,’a, 
< via1 + ... + v;a,). 
Using the theory of convex sets and some geometric facts concerning supporting 
hyperplanes (namely the intersection of such hyperplanes with CH(f) is CH(g) for 
some supporting polynomial g, where the linear function alxl + .a- + a,x, reaches 
its minimal value in CH(f)), we are able to prove that @Jai, . . . , a,,) is true in 
(R, +, 0, <) [2] for some supporting polynomial g, i.e. 
(R+,O,<)EVq,...,a, (u&.(al,...,a,)). 
Obviously, the number of polynomials g is finite and ai represents the value of 
v(x;) for the different valuations we consider. Now (fR, +,0, <)=(f, +,O, <) so 
(< +, 0, <) E Vu,, . . . , a, (vgGg(al, . . . , a,)) which proves the lemma. 0 
Proof of Theorem 1.8. By Becker’s criterion (Theorem 0.1) it suffices to show that 
2m 1 v(f(x)), for every real valuation of K(x,, . . . ,x,,) with archimedean, formally 
real residue field. 
If v is not trivial on K(x), by the previous lemma there exists a supporting poly- 
nomial g, or g =f, homogeneous with respect to v and of minimal homogeneous 
value in f. Then if v(g) = v(xL’ . . . x,““) = vlv(xl) + ... + v,v(x,) with (v,, . . . , v,) an 
extreme point of CH(g), then v(f) = v(g) and 2m / v(f) since 2m 1 (v,, . . . , vn), i.e. 
f E C K(x)~“. Hence it all reduces to prove that v(g) = v(x,“’ . . . x2) for every v real 
valuation of K(x) verifying the conditions of the theorem. 
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First of all we shall prove this result for g(x) E u, R((t “‘))[A?], U, lR((r “‘)) is the 
field of Puiseux series and for every substitution xi E IJ, R((t I”)) with the canonical 
valuation. 
Let g be a polynomial of fixed degree d, g E IJ, fR((t “‘))[xl, . . . ,x,1 and let xi E 
u, R((t “‘)). Th en “(xi) E Q (v = ord) and we may write t”@“) E U, R((t”‘)). 
Now, let us show that 
“(g(xr, .** ,x,))=v(x;” . . ..~)=“(tV’U(Xl)+~..+V.(X,,) 
= v,v(x,) + ... + v, “(X,) 
where (v,, . . . , v,) is an extreme point of CH(g). 
Let us suppose v(g)>“(x,V’...$“). Hence (g(xr,...,x,)/x,“‘...x,v”)=O in the 
residue field, so if g(x)= CV,c,,xr”’ . ..x.““, then 
g(x) ~“‘C,,X~~ . ..x.“” 
~V,v(X’)+...+vnu(x”) ~VID(X1)+‘.‘+YIIU(Xn) > 
i.e. 
= ; t?“!(X,/t”qv’. . . . . (x,/t”‘““‘)““=O, 
___ I ____ I 
g”,jJ(Xl/f”(XqY’, . . ..(X..h”@“))““] =o. 
Since go/k verifies (*), x,/t -=O for some i, SO D(Xi)> ~(t”(~‘)). Contradiction. 
Observe that we have used that g is homogeneous w.r.t. “. 
Once we have proved that o(g) = v(xY’ . . . x,““), we consider a first order formula 
v/ in the language of valued ordered fields (i.e. we define a valued ordered field to 
be a model (F, I.?, <) where (F, <) is an ordered field and L9 is the valuation ring of 
v : F+ r, v a valuation defined on F. Since F is an ordered field 19 is a convex valua- 
tion ring), which express this result. Let B denote U, iR[[t”‘]] (the valuation ring 
for ” = ord) and 
v+(z)=z~fYA~~o (oEtiAwz=l) (i.e. “(z)=O), 
Wo(g(c))=Var ,..., a, [a,EL9A...Aa,ELgA,“+(g(c,a I,..., a,)) 
* 7v+(a,)V e-e V,v+(a,l)l (i.e. g, verifies (*)), 
“++(z1,z2)=Zk; (z;z~)= LAv+(zr,z2)] (i.e. “(zr)=v(z2)). 
Finally, I,V may be written as: 
ly= vc,, . . ..c. 
L 
/\ V+(G) A wo(g(c)) 
i I 
- vx I,...) xn[o++(x,“i . ..x$xf . ..&A **-A .++(x;: . ..+.~...x;~) 
*vff(g(cx ,,..., x,xxyL..x,“6)] 
where (v~ . . . v,‘), . . . , (vf . . . v,“) are the extreme points of CH(g). 
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u R((t”‘)), IJ R[[t “‘I], < 
r ,- > 
r= l+V 
and since 
where K(x) is the real closure of K(x) with respect to an order compatible with the 
considered valuation, and 8 is the unique extension of 8, the convex valuation ring 
considered, we obtain (K(x), 3, <) t= I,V. Now K(x) + K(x) hence (K(x), ~9, <) E I+V 
itself, which proves the proposition. 0 
Once we have proved Theorem 1.6, let us see how it enables us, as we mentioned 
in the introduction, to define certain ‘stable sets’ in K(x). 
Definition 1.11. Let f(cx)~K[x], where c represents the coefficients of f. We say 
d E U,,,(c) if Idi - c, / < 1 /N for all i with ci # 0, otherwise dj = 0, and f(dx) represents 
the polynomial obtained when we substitute the coefficients c off by de U&c). 
We consider the sets StN), NE R\l: 
S(N)={CI l/N~lcl~Nif Ci#O and f(cx) is such that: 
(a) 2m ) de f (cx) 
(b) 2m ) extreme points (their coordinates) of CH(f) 
(c) f(cx) is positive semidefinite (p.s.d.) 
(d) for all de U&c) with f(dx) p.s.d., f(dx) 
verifies (*) and so do its supporting polynomials). 
To show that these sets are stable we prove ScN’fl C K(x)~” = StN) for every real 
closed field K [3], hence we need a criterium which holds also for a non-archimedean 
real closed field. Now, condition (d) of the definition of ScN) implies condition (e) 
of Theorem 1.6, so ScN)fl CK(x)2m = ScN). Ob serve that the main point of this 
definition is that all conditions are first order, hence the ScN) are semialgebraic. 
References 
[‘I 
PI 
[31 
[41 
t51 
[f31 
E. Becker, Summen n-ter Potenzen in Korpern, J. Reine Angew. Math. 307/308 (1979) 8-30. 
M. Bradley, Convex hulls of polynomials and sums of 2mth powers, preprint. 
M. Bradley, Aspectos cuantitativos y cualitativos finitistas en sumas de potencias Zm-Csimas de 
polinomios, Ph.D. Thesis, Univ. Complutense, Madrid, 1987. 
M. Bradley and A. Prestel, Stable sets, preprint. 
A. Prestel, Model theory of fields: An application to positive semidefinite polynomials, M&m. Sot. 
Math. France (N.S.) 16 (1984) 53-65. 
A. Prestel, Einfiihrung in die Mathematische Logik und Modelltheorie (Vieweg, Braunschweig, 
1986). 
